Abstract. In this paper we obtain a complete list of imaginary n-quadratic fields with class groups of exponent 3 and 5 under ERH for every positive integer n where an n-quadratic field is a number field of degree 2 n represented as the composite of n quadratic fields.
Introduction
Brown and Parry [5] determine a complete list of imaginary biquadratic fields with class number 1. Yamamura [18] gives a complete list of imaginary abelian fields with class number 1. Jung and Kwon [10] show a complete list of imaginary biquadratic fields of class number 3. Elsenhans, Klüners and Nicolae [6, Theorem 1] present a complete list of imaginary quadratic fields with class groups of exponent E for every E ≤ 5 and E = 8 under the extended Riemann hypothesis (ERH). We say that K is an n-quadratic field if K is a Galois extension of Q with Gal(K/Q) ≃ C n 2 where C 2 is the cyclic group of order 2. In this paper we obtain a complete list of imaginary n-quadratic fields with class groups of exponent 3 and 5, that is, isomorphic to the direct products C r u of the cyclic group C u of order u with u = 3, 5 and positive integers r, under ERH for every positive integer n. We call a 2-quadratic (resp. 3-quadratic) field as a biquadratic (resp. triquadratic) field. In this paper we show Theorem 1. (1) There exist at least 163, 122, 32 and 1 imaginary biquadratic fields with class groups isomorphic to C 3 , C 
Decomposition with prime power conductor subfields
In order to study the 2-part of class groups of n-quadratic fields, let us introduce a symbol [x, y] defined in Fröhlich's book [8, §4] . In [8] he defines [x, y] as an element in Z ℓ and uses it as an element in F ℓ to apply the theorems where Z ℓ is the ring of ℓ-adic integers and F ℓ is the field of ℓ elements for a prime number ℓ. In this paper we define the symbol [x, y] as an element in F ℓ with ℓ = 2 from the beginning. Let S be a finite set of prime numbers, and put S ′ = S ∪ {−1} if 2 ∈ S, and S ′ = S otherwise. For a pair (x, y) ∈ S ′ × S with x = y and (x, y) = (−1, 2) we define the symbol [x, y] ∈ F 2 as follows. Let a denote the image of an a ∈ Z by the canonical map Z → Z/2Z ≃ F 2 . For an odd prime number p let us fix a primitive (p − 1)-st root of unity w p in the p-adic number field Q p . For a prime number y = p there exists a rational integer r p,y such that
We define [p, y] ∈ F 2 by [p, y] = r p,y for such an integer r p,y . For the case p = 2 we put w 2 = 5. For an odd prime number y there exist rational integers r 2,y and r −1,y such that
We define [2, y] and the Legendre symbol a p .
Lemma 4.
For an odd prime number x ∈ S ′ and a prime number y ∈ S with x = y, we have (−1)
For an x ∈ {−1, 2} ⊂ S ′ and an odd prime number y ∈ S, we have (−1)
For a number field K of finite degree let Cl(K) and Cl + (K) denote the class group and the narrow class group of K, and h(K) and h + (K) the class number and the narrow class number of K, respectively. Note that Cl(K) = Cl + (K) and h(K) = h + (K) if K is totally imaginary. For a number field K let G + (K/Q) denote the narrow genus field of K over Q, that is, the maximal extension of K which is unramified at all finite primes, and is the composite KL of K and some abelian extension L of Q. For an abelian field K let ν(K) denote the minimal number of generators of Gal(K/Q). Note that ν(K) = n for an n-quadratic field K.
Theorem 5 (Fröhlich [8, Theorem 5.2] ). Let K be an n-quadratic fields, and S the set of prime numbers ramifying in K.
is odd if and only if one of the following conditions (2.1),(2.2) and (2.3) holds: (2.1) n = 1. (2.2) n = 2, and (i) or (ii) holds:
3) n = 3, and (i) or (ii) holds:
and the values a(p) for p = p 2 , p 3 are defined in the same way as that at (ii) of (2.2) above.
, respectively, where ζ 8 is a primitive 8-th root of unity in C. In our situation, the invariant λ for the case (B) is equal to 1.
The same adjustment occurs at the main diagonal of M in Theorem 5 (2.3) (ii).
Theorem 7 (Fröhlich [8, Theorem 2.15]).
For an abelian field K, the following conditions (i) and (ii) are equivalent:
(ii) K is the composite of fields with prime power conductors.
As in the paper [15] we say that K is a field of type I if K is an imaginary abelian field with the conditions of Theorem 7. For a field K of type I we say that K = K 1 · · · K r is the decomposition of K with prime power conductor fields, or simply the decomposition of K where K i are subfields of K of prime power conductors p ei i with distinct prime numbers p i and positive integers e i . As a corollary of Theorem 5 we have Corollary 8. Let K be a field of type I with decomposition K = K 1 K 2 K 3 . If K 1 is an imaginary quadratic field, and K 2 and K 3 are real quadratic fields, then 2 | h(K).
Proof. We consider the following four essential cases.
] is equal to 0, then the first, second or third column of M is zero vector, which implies det
, the sum of the three columns of M is equal to zero vector, which yields det M = 0.
In the same way as the case 1, one sees det M = 0.
. Then one has a(p 2 ) = a(p 3 ) = 0. Thus the first, third column of M or their sum is equal to zero vector, which implies det M = 0.
Remark 9. Uchida shows Corollary 8 for more general case [15, Lemma 1] , that is, if K 1 is an imaginary cyclic field of two power degree, and K 2 and K 3 are real quadratic fields, then 2 | h(K).
Let us consider the odd part Cl o (K) of Cl(K), that is, the subgroup of Cl(K) consisting of all the classes of odd order. The following well-known theorem is useful to study Cl o (K) for an n-quadratic field K.
Theorem 10 (Lemmermeyer [11, (1.1)]). Let k be a number field with finite degree, and K/k a Galois extension with Gal(K/k) ≃ V 4 where V 4 is Klein's four-group. Let k 1 , k 2 and k 3 stand for the three intermediate fields of
where denotes the direct product over j = 1, 2 and 3.
Let P denote the set consisting of all the prime numbers. We use a notation p * for p ∈ P such that p * = (−1) (p−1)/2 p if p is odd, and 2 * ∈ {8, −4, −8}. Put P * = {8, −4, −8} ∪ {p * | p ∈ P, p = 2} and decompose it into two subsets P * + and P * − such that P *
Theorem 11. Fix an odd number u > 0. Let K be an imaginary n-quadratic field K such that E(K) | u. Then K is one of the following forms (1), (2) and (3).
(
is of the form (1) above and the following (2a) or (2b) holds:
Proof. If n = 1, then the case (1) is obvious from genus theory. Assume n = 2. Theorems 5 and 7 imply that
is of the form (1). In the same way, if p *
. Theorem 10 shows that E(k) | 2 r u for some rational integer r ≥ 0. It follows from genus theory that 2 | E(k). 
In the same way as for n = 2, due to the surjectivity of the norm maps, the imaginary subfields
have class groups of exponent dividing u, and thus they are of the form (2).
Let K 1 , K 2 and K 3 denote the families of all the fields of the forms (1), (2) 
Remark 18. Unfortunately, the constants d E in Theorem 17 are not effective. Therefore we need to apply ERH for the explicit computation of finding all such quadratic fields.
Computation for the case u = 3 under ERH
Let us fix u = 3. Let M 1 , M 2 and M 3 stand for the subfamilies of K 1 , K 2 and K 3 consisting of all the fields K such that E(K) | u, respectively. Under ERH, let κ 1 , κ 2 and κ 3 denote the cardinalities of the finite families K 1 , K 2 and K 3 , and µ 1 , µ 2 and µ 3 those of M 1 , M 2 and M 3 , respectively. [17] . Let us determine M 2 under ERH. Let I denote the set
that is, the set consisting of all the discriminants of 26 imaginary quadratic fields in Corollary 21. For each p * ∈ I let us define a subset R p * of P *
) is a divisor of 2u and p = q}.
By definition, one has that M 2 ⊂ K 2 = K 2a ∪ K 2b where
Here we treat Q( √ −4, √ −8) as a member of K 2a , not of K 2b . Let µ 2a and µ 2b denote the cardinalities of M 2a = M 2 ∩ K 2a and M 2b = M 2 ∩ K 2b , respectively. For each p * = q * ∈ I we can determine whether E(Q( √ p * , √ q * )) | u or not, using the structures of its quadratic subfields due to Theorem 5 for the oddness and Theorem 10 for the explicit odd part, in particular,
Therefore we only need to check the odd part of the class group of Q( √ p * q * ).
Lemma 23. We have µ 2a = 307 under ERH.
Next consider the set R p * for M 2b . It is enough for computing R p * to find all the imaginary quadratic fields k with E(k) | 2u. However, all of such fields are not determined yet even assuming ERH [6] . For each p * ∈ I with |p * | ≤ 4027 we can obtain all the imaginary quadratic fields k = Q( √ p * q * ) such that q * ∈ P * + and E(Q( √ p * q * )) | 2u. Indeed, fortunately, the 2-Sylow subgroup of Cl(Q( √ p * q * )) is small and has a tractable generator in our situation. Proof. Let p * be in I with |p * | ≤ 4027, and q Remark 28. The method used in the proof of Lemma 27 above is a refinement of that in [6] . One has that 5761140 = 2 2 · 3 · 5 · 7 · 11 · 29 · 43 and Cl(Q(
For each p * ∈ I and q * ∈ R p * , we can check whether E(Q( √ p * , √ q * )) | u or not, by the same way as for p * , q * ∈ I due to Theorems 5 and 10.
Lemma 29. We have µ 2b = 58 under ERH.
The table of the numbers of fields in M 2a and M 2b classified by rank is as follows. For example, the family M 2b has 12 fields K such that Cl(K) ≃ C r 3 with r = 2.
family r = 0 r = 1 r = 2 r = 3 r = 4 total M 2a  32  133  110  31  1  307  M 2b  15  30  12  1  0  58  total  47  163  122  32  1  365 The maximal discriminants of K in M 2a with Cl(K) ≃ C 3 , C respectively. Let us determine M 3 under ERH. Using K 2 , one can obtain K 3 without computation of further class groups by Theorem 11 (3) . For each triquadratic field
3 ∈ P * , we can determine whether E(K) | u or not, using the structures of its quadratic subfields due to Theorem 5 for the oddness and Theorem 10 for the explicit odd part, in particular,
+ } with cardinalities µ 3a and µ 3b , respectively. The field Q( √ −4, √ −8, √ p * ) with p * ∈ P * − (resp. p * ∈ P * + ) is treated as a member of M 3a (resp. M 3b ).
Lemma 30. We have µ 3a = 35 and µ 3b = 42 under ERH.
The table of the numbers of fields in M 3a and M 3b classified by rank is as follows. For example, M 3b has 12 fields K such that Cl(K) ≃ C The maximal discriminants of K in M 3a with Cl(K) ≃ C 3 , C 
respectively.
Computation for the case u = 5 under ERH
Let us fix u = 5. As in the previous section for u = 3, let M i stand for the subfamily of K i consisting of all the fields K such that E(K) | u. Under ERH, let κ i denote the cardinality of the finite family K i , and µ i that of M i . We remark that the hard part is to compute the families M 1 and M 2a , i.e. the imaginary quadratic fields of exponent 5 and the imaginary quadratic fields with class group of type C 2 × C r 5 for some r ≥ 0. We will describe the latter part in a more detail in the next section. As Corollary 21 we have [17] . In the same way as for u = 3 in (1), we denote
Analogously, as in (2), (3) and (4) The maximal discriminants of K in M 2a with Cl(K) ≃ C 5 , C In our algorithm we skip the cases q = 2, q * = 8, and ℓ = 2 and check this cases separately. Therefore we can assume that q = q
